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1 Introduction 



Recently, a great amount of theoretical interest has been focused on anti 
de Sitter (AdS) spacetime, due to the close relation between (gravitating) 
fields within AdS spacetime and a field theory at the boundary of the above 
spacetime ^ |5j . String-inspired theories work mainly in the framework of a 
spacetime with negative curvature rising the need to study fields within 
this framework. 

Scalar fields coupled to gravity investigated in the work of Kaup, and 
Ruffini and Bonazzola |6 , considering a scalar field with no self-interactions, 
and in other works, considering a scalar field with self interactions, [71 |H] , 
or scalar fields with local symmetries [H]. Other gravity theories have been 
also taken into account in a series of papers ^njElElEl- The gravitating 
objects arising form such actions, the stars, are sometimes called "mini boson 
stars" due to their small relative magnitude. 

Soliton stars are stable field configurations which deserve their stability 
even in the absence of gravity and remain as non-topological solitons. One 
subclass of soliton stars, [TU [1^1 UHl were based on the earlier work of 
Friedberg, Lee and Sirlin, are known as "large boson stars". Another class 
of non-topological soliton stars, q-stars, appeared as relativistic generahza- 
tions of q-balls. Q-balls are non-topological solitons in Lagrangians of highly 
non-linearly self-interacting boson fields with a global U{1), SU{3) or 5*0(3) 
symmetry |I7[ CHI CHI 1201, or a local f/(l), [57. The scalar field rotates 
in its internal U{1) space with a frequency equal to VWI^Pmin ^^^1 takes 
the special value that minimizes the above quantity. Q-balls concentrated 
special interest, due to their role in the fiat-directions baryogenesis in super- 
symmetric extensions of Standard Model. Q-stars are relativistic extensions 
of q-balls, with one or two scalar fields and a global, [22], or local, [20], U{1) 
symmetry, non-abelian symmetry, ^[, or with fermions and a scalar field. 



There are some relations governing the three types of boson stars and 
revealing their crucial differences. The following estimations hold for mass 
and radius of the "mini" , q- and "large" boson stars respectively (in 3 + 1 
dimensions) : 

M^, M^, 

Mmini ~ , ~ r-, Miargc ~ ^ , 

m m'^ m-^ 

_i Mpi , . 

-Kmini ~ m , i?q ~ -, i?iarge ~ ^ , (1-2) 
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where m is a mass scale, usually the mass of the free scalar field. The above 
estimations justify the names "mini" and "large". 

In the present article we investigate the formation of q-stars with one 
and two scalar fields, q-stars with non-abelian symmetry and scalar-fermion 
q-stars. We solve numerically the coupled Einstein-Lagrange equations and 
investigate their properties, radius, field value at the origin, total mass and 
particle number. We verify their stability with respect to fission into free 
particles and discuss especially the influence of the cosmological constant to 
the soliton properties. When the spacetime is fiat, the results of [22112011211 
I2S] are reproduced. We compare our results with the behavior of boson (not 
soliton) stars in the negative curvature spacetime background [21] . We finally 
describe charged scalar fields coupled to gravity and check the stability of 
the solitons with respect to free particles decay, because when the symmetry 
is local the total energy of the star is larger. 

2 Q-stars with one scalar field 

We consider a static, spherically symmetric metric: 

ds"^ = -e^dt^ + e^dp^ + p^da^ + p^ sin^ ac//5^ , (2.1) 

with gtt = — e^. The scalar field is supposed to form a spherically symmetric 
configuration. A time dependence ansatz, suitable for minimizing the energy, 
is: 

0(p,t) = a(p)e-^-*. (2.2) 

The action in natural units for a scalar field coupled to gravity in 3 + 1 
dimensions is: 



S = d Xa/— ^ 
'm 



p OA 



+ ^ / dW^K , 

^T^^ JdM 

(2.3) 

where the second term is the Hawking- Gibbons surface term [Ij, A stands for 
the cosmological constant regarded here to be negative or zero as a limiting 
case, dAi is the boundary of the space A4, R and K are the curvature scalars 
within the space and at its boundary respectively and g and h stand for the 
metric determinant within the space and at the boundary respectively. The 
second term does not affect the classical equations of motion of the matter 
fields but appears when the quantization is under investigation. The energy- 
momentum tensor is: 

T,. = {d,<Pnd.<P) + {d,<P){d.<pr - 9,A9'^\do,<^)\df,<^)\ - g^^V . (2.4) 
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We will later choose a simple potential, admitting q-ball type solutions in the 
absence of gravity. This potential, and, consequently, the whole theory need 
not be renormalizable but an effective one. The Euler-Lagrange equation for 
the matter field is: 



lN\9\d,W\9\9'''d, 



dU 







taking now the form: 



dU 



The Einstein equations are: 



(2.5) 



a" + [2/p + (l/2)(z/' - \')y + e-'cu^e-V - e^^a = . (2.6) 



(2.7) 



and with the assumptions of eqs. 12.11 12.21 the two independent of them, G^q 
and G^i take the following form, respectively: 



-A 



A' 



— e 



e-^ - 1 



^7iG{-W - V -U) - A 



8nG{W + V-U)-A 



(2.8) 
(2.9) 



where 



(2.10) 



There is a Noether current due to the global U{1) symmetry of the La- 
grangian: 

(2.11) 



The current is conserved according to the equation: 



The total charge is defined as: 



Q = I d^xf 



(2.12) 



(2.13) 



now taking the form 



Q = 87T j p'^dpuja^e-'^'^e^'^ . (2.14) 

If each particle is assigned with a unity charge then the total charge 
equals to the particle number of the configuration. Rescaling the Lagrangian 
parameters in a specific way we will describe later, we find that in our new 
units the mass is unity and, consequently, the energy of the free particles with 
the same charge equals to the total charge. So, the total charge determines 
the stability of the soliton with respect to decay into free particles. 

We define: 

A = e-'' , B = e-^ (2.15) 

and rescale: 

p = pm , u) = cu/m , (h = (h/m 
U = U/m^ , W = W/m^ , V = V/m^ , 

where m is the mass of the free scalar field and can be a general mass scale. 
We also make the redefinitions: 

where e is a very useful quantity in the study of gravitating bosonic field 
configurations, defined as: 



e = VSnGm^ . (2.18) 

When m is of some GeV, then the above quantity is extremely small, and 
quantities of the same order of magnitude can be neglected. The second part 
of eq. 12.171 summarizes the effect of gravity upon to the soliton, because 
gravity, according to Schwarzschild condition, becomes important when: 



Rr^GM, 



where R is the soliton radius and M its total mass. The energy density 
within the soliton is approximately constant and equal to m"^ (or 0^). So, 
one can find that, in 3 + 1 dimensions: 



Rr^e-\ (2.19) 
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and, consequently, f ~ 1, simplifying considerably the numerical procedures. 
Inside the soliton both the metric and matter fields variate extremely slowly 
with respect to the radius. This means that the matter field starts with an 
initial value 0o at the center of the soliton and ends with the zero value at 
the tail, without oscillations meanwhile. This intuitive argument refiects to 
the relation: V oc e"^, resulting from eqs. 12. 16112.151 Einstein equations take 
the form, ignoring the 0(e) quantities and dropping the tildes: 

IzA - 1^ = uj'a'B + [/ + A , (2.20) 

r ar 

A-1 lAdB 



--— = uj'a'B-U-A, (2.21) 



r B dr 

and the Euler-Lagrange equation is: 

u^B - — = . 2.22 

da^ 

A rescaled potential admitting q-ball type solutions in the absence of 
gravity is: 

f/ = a|0|'-6|0|' + c|0|\ (2.23) 

and eq. 12.221 gives: 



h+ -Abc{a-iu^B)\ /{Ac) , (2.24) 

where a, b and c are all positive quantities. Another potential we will use 
here is: 

U = a|0|^ - b\(l)f + c|0|^ = acT^ - 6cT^ + ca^ (2.25) 
for which eq. 12.221 gives: 

02 = (^6 + v/62-3c(a-cu25)) /(3c) . (2.26) 

If we choose for simplicity a = 6=l, c=l/3 the potential takes the simple 
form: 

[/ = 1(1 + ^^^53/2) . (2.27) 
3 

The surface width is of order of m~^. Within this, the matter field varies 
rapidly, from a value a at the inner edge of the surface, to zero at the outer. 



6 



-1.2 -1 -0.8 -0.6 -0.4 -0.2 

Cosmological constant 



Figure 1: The radius for a q-star with one scalar field as a function of the 
cosmological constant for four different values of Asur, or, equivalently, co 
obtained from eq. I2.3U1 Small Asur indicates strong gravity at the surface 
and in general at the region where the soliton is. 
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Figure 2: The value of the scalar field at the center of the soliton for a q-star 
with one scalar field as a function of the cosmological constant for four values 
of A 
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Figure 3: The total mass for a q-star with one scalar field as a function of 
the cosmological constant for four different values of Asur- 
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Figure 4: The particle number for a q-star with one scalar field as a function 
of the cosmological constant for four different values of Aguv 



8 



but the metric fields not. So, dropping from tlie Lagrange equation tlie 0(e) 
quantities we take: 

OCT 

Tlie above equation can be straightforward integrated and, because all energy 
quantities are zero at the outer edge of the surface, the result gives the 
following equation, holding true only within the surface: 

V + U-W = 0. (2.29) 

At the inner edge of the surface a' is zero in order to match the interior with 
the surface solution. So, at the inner edge of the surface the equality W = U 
gives together with eqs. I2.26| 12.271 

.1/2 ^-1/2 

^sur -Dsur /„ „„v 

^ = ^ = ^- (2.30) 

Eq. 12.301 is the eigenvalue equation for the frequency of the q-star, relating 
straightforward a feature of its internal U{1) space with the spacetime cur- 
vature, as this is measured by As^r- So, either As^r, or u can be alternatively 
used as the measure of the total gravity strength. 

Because a-^ is the mean value of the scalar field in the soliton interior, 
its mean value within the surface is approximately din/ 2. So, the energy 
density, equal to the sum of W, U, and V, has the same order of magnitude 
either in the interior, or within the surface. The ratio of the energy amount 
stored in the interior to that stored in the surface is ~ B?m^ / [mT^R^m^) ~ 
m~^e~^, so the energy stored in the surface is negligible, when compared to 
the energy stored in the interior. The same discussion holds true for the 
charge contribution. The mass of the star can be calculated by using the T\ 
component of the energy-momentum tensor which gives: 

E = Atx j\rr^{uj^a^B + ^{l + uj''B'^'^)^ , (2.31) 

where, according to the above discussion, we integrate within the soliton 
interior, ignoring the surface contribution. Equivalently we may use the the 
proper Schwarzschild formula: 

^ ^ ^ 2GM{p) 2Ap2 



pD-z {D-2){D-1) ' 

where D is the dimensionality of the spacetime, here 4, and M(r) represents 
the total mass of the field configuration (in 3 + 1 dimensions), when p — > oo. 
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as a self consistency check of our calculations. (In order to apply correctly the 
above relation, we should keep in mind the rescalings of eqs. 12. 16112.171 and 
the fact that if £ is the energy density, then £ = £/m^ and M = (Pp£. 
Then, we take from the above relation and for the rescaled quantities: M = 
47rr(l - A{r) - {l/3)Ar^). 

At the exterior the Einstein equations can be solved analytically: 

^^^^^3fiA„ + 3(r-fi)-A(r^-fl3)^ B(r) = lM(r) . (2.32) 

with eq. 12.321 being a formula alternative to the Schwarzschild one presented 
above. 

We use a fourth order Runge-Kutta scheme to solve Einstein equations. 
The star radius is in (em)^^ units, the total mass in (e^/^m" 

units, 

and the charge is in (e^^^m^^/^)"^ units. From figures we see that for 
small values of the cosmological constant the soliton radius, mass and particle 
number increase with the increase of the cosmological constant in absolute 
values. From an intuitive point of view, negative cosmological constant re- 
flects a competitive effect to gravity attraction. So, a large soliton increases 
its total mass and consequently its particle number and radius, in order to be 
stable against this "negative" gravity implied by the negative cosmological 
constant. But, when A exceeds a certain value, no additional energy amount 
can deserve the soliton stability, if it is too extended. So, when A exceeds this 
certain value, the star shrinks, and, consequently, its energy and charge de- 
creases. Also, the value of the scalar field at the center of the soliton shows a 
rapid increase for the same reason. The same discussion holds for every type 
of q-star with differences that depend on the parameters of the Lagrangian. 

The role of the frequency is also important. Small u means small value 
for the metric A at the surface, consequently stronger gravity, and a larger 
soliton to generate this gravity in the case of flat spacetime |23 1211 1211 12il ■ 
So, a larger soliton in fiat spacetime is too large to deserve its magnitude 
when A 7^ and more sensitive in the influence of the increase in absolute 
values of the cosmological constant. That is why the consequent decrease in 
the soliton parameters (radius, mass and charge) is more rapid for a soliton 
with small lv, i.e. for a large soliton. 

It will be interesting to compare our results with the corresponding ones 
obtained by Astefanesei and Radu, I2H|! when investigating a bosonic but 
not solitonic star within an AdS spacetime. They found that, in general, 
the energy and charge for a boson star decrease with the increase of the cos- 
mological constant, but 0(0) increases. These results are in agreement with 
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what we obtained here (though there is no a priori need for any agreement 
between two substantially different field configurations) with the exception 
of the initial increase in the values of M and Q in the region of the small 
cosmological constant. 



3 Q-stars with two scalar fields 

We will now describe a first generalization of the above simple model, namely, 
a complex, scalar, N-carrying field (f) and a real one, a, used to produce the 
special q-ball type potential and to attribute mass to the N-carrying field. 
The Lagrangian density is: 

^/V^ = 9''{d,<t^r{d,<t^) + ]^g'^^{d,a){d.a) - U{<t^,a) . (3.1) 

In order to have static metric, we regard the real a time independent and 
allow an harmonic time dependence to the field, writing: 



In this case, Einstein equations take the form: 



e-^ - 1 



(3.2) 

-A, 
(3.3) 



+ e" 



SttG 



e""u;"(^" + e" 



dp 



+ e 



da 
dp 



- U 



and the Lagrange equations: 



e-A + [2/p + (1/2) (i/' - A')]<^'} + e-^u;V - 



e-'{a" + [2/P+ (l/2)(z.' - y)]a'} - = 

The potential has the following form: 

C/ = a|0|V + 6|0|^ + c((7'-d)' . 



-A, 
(3.4) 

(3.5) 
(3.6) 

(3.7) 
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Figure 5: The soliton radius for a q-star with two scalar fields as a function 
of the cosmological constant for three different values of As^r- 




Cosmological constant 



Figure 6: The value of the N-carrying field at the center of a q-star with 
two scalar fields as a function of the cosmological constant for three different 

values of Asm- 
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Figure 7: The total mass for a q-star with two scalar fields as a function of 
the cosmological constant for three different values of ^sur- 
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Figure 8: The particle number for a q-star with two scalar fields as a function 
of the cosmological constant for three different values of ^Igur- 
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Defining n and A: 

12 = {2hY/^a^^'^d~^'^ , A = Acha-^ , (3.8) 

and rescaling the fields: 

= 0(26)-!/^"' , cr = a^i-\2hf'*a-^'^ , (3.9) 

also rescaling p, uj, t and A according to eq. 12.161 (replacing now m with our 
new mass scale /i), we find that a factor can be extracted from all energy 
quantities. So, dropping the tildes and the 0{Gp?) terms we find from the 
Euler-Lagrange equations that for the interior: 

i/ = uj'^B, (T = 0, (3.10) 



U =]^{uo^B^ + \), W = uj^B\ V = 0, (3.11) 
Einstein equations read: 

l^-l^ = |c.^5^ + iA + A, (3.12) 
r ar 2 2 

A - 1 1 A rf5 1 , , 1 . , , 

— -— = -u'^B^ - -X- A . 3.13 

r B dr 2 2 ^ ' 

The eigenvalue equation for the frequency results from a discussion similar 

to that of eqs. 12. 28112. 3(11 We find that: 

a; = AV44^^ (3.14) 

establishing in this way the frequency as a measure of the gravity strength. 
We will choose A = 1/9. One can find that the energy and charge of the 
solitonic configuration are: 

^ /3 1 



E = Att I drr' ( -lu'^B' + 2^ ) ' (3-15) 







Q = Stt r drr^uif\[^ = 871 ^ drr^u^B^/^A-'/^ . (3.16) 
Jo y A Jo 

In figures IHJIHl we depict the main results obtained by the numerical solu- 
tions of the Einstein equations and the use of eqs. 13. 15113.161 We reproduce 
results similar to those obtained in q-stars with one scalar field. 
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4 Non-abelian q-stars 

We choose for simplicity a field 4> in the 5*0 (3) 5 representation. The La- 
grangian is: 

C = ^Trg^%d^<P){d,<P) - TrU , (4.1) 



with U a general renormalizable potential: 



(4.2) 



Einstein equations read: 



A' 



A , (4.3) 



+ e- 



2 \dt J 2\dp 



P P 
To simplify the above equations, we define: 

9 = P9 , = {p/9)4> , A = ^^A , p = p/i"^ , 



- A . (4.4) 



(4.5) 



so as to extract a p^ / 9'^ factor form every energy quantity. The potential 
takes the simple form: 



2 ^ 3! ^ 4! 



A ~. 



We also define: 



2 'I 
f = pJ87rG^, 87rG^A = A. 

r 9 



With the above redefinitions, Einstein equations take the form: 

r r ar 



(4.6) 



(4.7) 



A-1 lAdB ^, ~ 

— 3^ - :3^-7:r = W + V - W - A , 

r r B ar 



(4. 
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Figure 9: The radius of a non-abelian q-star as a function of the cosmological 
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constant for four values of AsL . 
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Figure 11: The total mass for a non-abelian q-star as a function of the 

1 /2 

cosmological constant for four values of Asm ■ 




-10 -8 -6 -4 -2 

Cosmological constant 



Figure 12: The particle number for a non-abelian q-star as a function of the 
cosmological constant for four values of Alir- 
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where: 



TtU , 




Tr'-B 


(d4> 








( 84) 




I df 



(4.9) 



~\ 2 



We define: 

— = t] , Q = fiQ 
The Lagrange equation reads: 




(4.10) 



dU 1 



(90 



ITr 



dU 



SttG 



2 _^ 1 dA 1 dB^ 



Qy,2 dr \r 2 A dr 2B df J 



(4.11) 



We diagonahze = e*^0diage~*^. The rigid rotation condition imphes 
that: R{p, t) = Qt + C, where the constant C is ehminated through a global 
SO (3) rotation. Diagonalizing, we finally take 



—02 ■ diag(l + ?/, -2,1 -y) . 



(4.12) 



Inserting eq. 14.121 into 14.111 and dropping the 0{Gfi'^/g^) terms we find: 

= 2cD25(0i-03)diag(l,O,-l), (4.13) 



0+-0^ + -A0^--lTr 
^2^ 6 ^ 3 



2^ 6^ 



where 0i,3 = 02(1 ± y)- Taking the (2, 2) component of the above equation, 
we find: 

2 3 A02 + 202 + 8 
y [r) = • (4.14) 

02 2 — A02 

The above equation, combined with the 2W = Tr(0-9W/90) relation (result- 
ing from the Euler-Lagrange [4.111 when dropping 0{Gfi'^/g'^) terms, multi- 
plying by and then tracing) gives for the 02 field: 

02(f) = l^i^i^ + i{[i-4Ac:.2^(f)]2^8A[4cD25(f)-l]}i/2 . (4.15) 
2A 2A 
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We will now find an eigenvalue equation for uj. At the surface holds: 

(W-W-V)sur=0. (4.16) 

If R the star radius, using eq. 14.141 (which at the inner edge of the sur- 
face remains valid, because the spatial derivative of the matter field is of 
0{G[j? jg^yl'^ at this edge) and eq. 14. 161 we find: 

■2 1 



_y_ 

(y2 + 3)2^ 



Ifi + AV--^ 



(4.17) 



(4.18) 



ry 4Ar(y2 + 3)^ 

Solving now 14.141 (which holds true when V = 0) with respect to (^2 and 
substituting in eq. 14.171 we find: 

[(A - l)(y2 + 3)' + 16(y2 + 3)' - 72(y2 + 3) + 96]_ - 

The solution to the above equation is: 

16 







(4.19) 



2 2^/3 



3-1 + A 



r^2 



-13 + 162A-81A^ + 9(-l + A) 



3(1 -A) 

1/3 



-1 + 81A2 
\ (-1 + A)' 



2 2^/3 



31-A 



7x2 



13 + 162A + 81A^ + 9(-l + A) 



\ 



-1 + 81A2 
-1 + A)' 



+ 

1/3 



(4.20) 



So, we give a certain value to the A parameter, say A = 2/3, and we find the 
value of y'^{R), from eq. I4.2UI We then substitute that value into eq. 14.181 
(finding that uj = 0.4956ylsur) and going back to 14. 151 and 14. 141 we insert the 
fields in Einstein equations and solve them numerically. The total energy of 
the field configuration is computed with the help of T^J, component of the 
energy-momentum tensor, equal to W + W, and the total charge is defined 



as: 



R / 1 

Q = -t I d^f^/\i\B[4),^]=Amg I dff2^/;g/^02^2~ j g 

-10 



For the calculation of the charge we use the quantity: Air drr"^ \/ B / Acfly 



(4.21) 
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5 Scalar-fermion q-stars 



We now consider a realistic field configuration composed of one real scalar 
field and one fermionic. The fermion carries the particle number, and its mass 
is generated by the interaction with the scalar field. Within the soliton, the 
scalar field a is approximately zero and the fermion mass zero, but outside 
the soliton, the fermion has a certain mass, the scalar has an approximately 
constant, ctq, value, eliminating in this way any potential energy in a potential 
of (cr^ — (To)^ type. So, the question for the stability of a fermion-scalar soliton 
depends, in a few words, on the energy difference of a (jQ-type potential 
energy from the soliton interior plus the consequent kinetic energy of the 
trapped fermions, minus total the mass of the free fermions with the same 
charge. Because the fermion mass, supposed to result from a gcyipip type of 
interaction, can be taken as large as we want, theoretically and by changing 

the soliton stability with respect to decay into free particles is always 
granted. Here, we will choose a, g oi the same order of magnitude as the 
other Lagrangian parameters. 

Regarding the fermion scalar q-star as a zero temperature, spherically 
symmetric fermionic sea with local Fermi energy and momentum with: e]^ — 
kp + m^{a), we have for the local and scalar fermion density respectively: 

- I (i^W ^ ^ {'^'^ - ™^ ^) . (5.2) 
Fermion energy and pressure density are: 

2 f k"^ 1 

^^ = ^J ^fc^'^ 3(fe2 + ^2)1/2 = 4(^f(^V) - , (5.3) 

When including gravity, the Lagrangian density is: 

>C/V^ = '-{ipr'^-f. - i'-i.Y^l^) - m{a)ijip + ^a,^a''' - U{a) , (5.5) 

with 

m{a) = ga , (5.6) 
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(we will choose g=10 for our calculations) and: 

U = \x{a' - alf . (5.7) 
The equation of motion for the scalar field is: 

A{a" + [2/p + (1/2)(A'M - B'/B)]a'} = --^{P^ - U) . (5.8) 
We rescale with respect to the mass scale cto as follows: 

5- = 0-/0-0, = V'/c^o'^^ , rh = m/(To, p = pOQ Z=C/al, (5.9) 
and define: 



f = p^MGal , MuGal = A . (5.10) 

In the presence of gravity, we replace the Fermi energy with a global 
chemical potential, , so as to make the theory generally covariant, by 
establishing £i? as the zero component of a four vector, (TH]. So we define: 



l=elB-\r). (5.11) 



The energy-momentum tensor is: 

T^'^ = 1^(^^(/^^;'^) _ iP'i^Y^^) + ^■''o--'^ - ^^''[l/2(T;«a'" - U{a)] , (5.12) 

so, Einstein equations read, after rescahng, dropping the tildes and ignoring 
the O^Gctq) terms: 

1-A IdA ^ , , , 

— = £^ + U + A, (5.13) 

r ar 

A-1 lAdB ^ ^ 

— =p f/_A. (5.14) 

r B ar 

There is one unknown quantity, namely the chemical potential, playing the 
role of "eigen" -frequency here. Within the surface holds: 

U = P^^\ = ^^uj\Bl^,, (5.15) 



so Einstein equations are: 



—2 :r = ^^J^ +1 + ^' ^^-^6) 

r ar An ^ 4 
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Figure 13: The radius of a fermion-scalar q-star as a function of the cosmo- 
logical constant for three different values of ^Igur- 



A-1 



lAdB 
r B dr 



—ulB^ - - - A . 



(5.17) 



We choose A = 1/2. The particle number is given from the relation: 



(5.18) 



6 Charged q-stars 

Charged q-stars with one scalar field 

The action for a scalar field with a [/(I) local symmetry coupled to gravity 



is: 



D OA 1 

+ 9^''{D,<pnD^<p) -U- -F,^F^^ 



(6.1) 



with: 



F^^ = d^A^ - d^A^j, , = 9^0 - leA^cf) , 

with e the charge or field strength. The total charge Q will be hereafter called 
particle number, identified with the total electric charge when the charge e 
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Figure 14: The total mass for a fermion-scalar q-star as a function of the 
cosmological constant for three different values of ^sur- 
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Figure 15: The particle number for a fcrmion-scalar q-star as a function of 
the cosmological constant for three different values of ^sur- 
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of each individual particle is unity. The energy-momentum tensor is: 



T,, = {D,(t>y{D,<t>) + {D,<i>){D,(t>y - g^,[g'^P{D^(t>y{Dp(t>)] 

-9,.M - \g^.F''^F^p + g^^F,^F,p . (6.2) 

The Euler-Lagrange equation for the scalar field is: 

^ D,{^^^gg'''D,)-^^<t>. (6.3) 



'-g 



The Noether current is: 



^g>'^{ct>*dA-ct>dA* + 2^AM 



(6.4) 



The Noether charge resulting form the above current is conserved. 

We use the same ansatz for the scalar field, namely the = (j(r)e~*'^*, 
and we assume no magnetic fields choosing = (^40, 0,0,0). We are now 
be able to use the same static metric. With these assumptions, Einstein 
equations read: 



-A A' 

e ^— = 



-SttG 



{u + e^)'e-V' + [/ + cr'^e-^ + (l/2)A'oe-"-^] - A , (6.5) 



1 



+ e 



-A 



SttG 



-A 



(6.6) 



(a; + eAo)'e-V - C/ + (j'^e-^ - (l/2)A'oe-"-^ 

and the Lagrange equations for the scalar and gauge field are respectively 

dU 



a + 



2 1 
P 2 



da'' 



0, 



(6.7) 



2 1 



A'q - 2ea^e^{uj + eAo) = . 



(6.8) 



Because, due to the co variant derivative, the uj + cAq combination is very 
common, we define: 

9 = u; + eAo . (6.9) 
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We use eqs. 12. 15112.171 and rescale 6 in the same way as u. The rescahng 
for the field strength is similar to the one used in charged boson (but not 
soliton) stars: 

e = ee-\ (6.10) 
Einstein equations read, dropping the tildes and the 0(e) terms: 



2e^ V dr 



1-A IdA ^ 1 fd9\ , 

— 5 -r= 0^(y^B + f/+^(^l AB + A 

r ar 

A-l lAdB 



and the Lagrange equations are: 



dU 
1^ 



0, 



dr' 



+ 



2 I f I dA 1 dB\ 
r 2\Adr B dr J 



dd 2e^a^9 
dr A 







(6.11) 
(6.12) 

(6.13) 
(6.14) 



with initial conditions ^(0) = 1, B{oo) = 1 and Ao(0) = 0. The other initial 
condition for the value of the gauge field can be received by repeating the 
discussion referring to the surface, because the frequency u is now replaced 
by the dynamical variable 9. So, eq. 12.301 is replaced by: 



A1/-2 ^-1/2 
^sur J-'suT 



Eq. 16.131 gives: 



^^2 2 
= 1 + 9^/B , 

[7=1(1 + ^3^/32) _ 

3^ ' 

The energy in the interior of the field configuration is: 



R 

An I drr^ 



9'a'B + + 9'B'/') + ^Jf] 'aB 
3 26"^ \ar / 



(6.15) 

(6.16) 
(6.17) 

(6.18) 



and the particle number is: 

Q = 8n drr^9a^y/B/A 
Jo 



(6.19) 
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The total electric charge is eQ. 

At the exterior the Einstein and Lagrange equations take the form: 



1- A-r 



dA 
dr 



A + 



2e2 



de 

dr 



AB 



AdB 
A- I- r 

B dr 



1 fdO\\^ 

Ah ^ AB 

2e2 \drj 



d'^9 12 1 /IdA 1 dB\ 
dr"^ r 2 \A dr B dr J 

The above equations can be solved analytically: 



d9 
dr 



. 



e{r) 



— + ^(^sur-R + ^sur) 



(6.20) 

(6.21) 
(6.22) 

(6.23) 



^ , , _ e'l^R^iR - r) , 3RA,^, + 3(r - R) - A{r^ - R^ 
A[r) — - 



B(r) = ^— . 
^ ' A{r) 

The total energy from the exterior is: 



(6.24) 



E... ^ . (6.25) 



e2 



The same discussion referring to the exterior holds for every kind of charged 
q-star. The total energy of the field configuration can be calculated either 
by eqs. 16.181 16.251 or by the relation: 

A = l- 2G^tot/p + G(eg)V(4V) _ Ap^/s , p ^ oo , 

together with eq. 16.191 

From figures fTBHTUl we see that for large charge the soliton radius, mass 
and particle number are in general larger. For large values of the coupling e, 
here for e = 1, we stop the calculations when reaching the -Esouton = -^free area, 
where decay into free particles is energetically favorable. FigurelTHlhas a very 
interesting interpretation. We see that, for larger field strength, the soliton 
profile is larger and the field tends to concentrate near the surface. Both 
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Figure 16: The absolute values \<7{r) \ as a function of radius, for A = (solid 
lines) and A = —0.17 (dashed lines) for two different charges for a charged 
q-star with one scalar field. 




Figure 17: The soliton radius as a function of the cosmological constant 
for three different charges and for Agur = 0.64 or, equivalently, 6'sur = 0.4 
(solid lines) and Ag^j. = 0.81 or, equivalently, 6'sur = 0.45 (dashed lines), for a 
charged q-star with one scalar field. Using the same values for the parameters 
we produce figures ITHIITUI 
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Figure 18: The soliton mass as a function of the cosmological constant for 
three different charges and two values of Asm, 0.64 (sohd hues) and 0.81 
(dashed lines) for a charged q-star with one scalar field. 




Figure 19: The particle number of the soliton as a function of the cosmological 
constant for three different charges and two values of Agur, 0.64 (sohd lines) 
and 0.81 (dashed lines) for a charged q-star with one scalar field. 
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of these effects result from the electrostatic repulsion between the different 
parts of the star. 

Charged q-stars with two scalar fields 

The Lagrangian density for a charged scalar field coupled to a real one 
and to gravity is: 

^/v^ = g'^'iD.c^nD^c^) + lg^^'^{d,a){d,a) -U- -^F^'F,, . (6.26) 



We make the same rescalilngs for the fields, and use the ansatz of eq, 
and the rescaled potential of eq. 13.71 Using the Lagrange equation for the 
charged field we find: 

ip^ = e^B, u = he^B^ + x), w = e^B\ (6.27) 

Repeating the discussion that led to eq. 16.151 we find the value of the gauge 
field at the surface: 

A 



We finally have to solve numerically a system of coupled equations governing 
the soliton interior: The two independent Einstein equations, namely: 

\-A \dA 3^. ^ A 1 (ddV . 

_ 1:1;^ = Vfl. _ A 1 f _ A (6.30) 

r2 rBdrl 2 \dr J ^ ^ 

and the equation of motion for the gauge field: 



dr'^ 



2 1 fl dA 1 dB\ 
r 2 \A dr B dr J 



d9 2eV'^ 
dr A 



. (6.31) 



The particle number is given by: 



Q = 87T [ drr^e'B'/'A-'/^ . (6.32) 
Jo 



Charged fermion-scalar q-stars 
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We now study a more realistic model, composed of a charged fermion and 
a neutral scalar field, taken to be real for simplicity. The Lagrangian density 
for such a system coupled to gravity is: 

(6.33) 

with D^ip = — teA^ip, when the energy-momentum tensor is: 

g^''[{l/2)a,^a'- + U{a)] - ^g^^F'^^F^f, + g^'^F^^F.p . (6.34) 

Again, regarding only electric fields, defining 9^ = + eAo, and repeating 
the discussion of eqs. I5.8H5.11I and 15.151 we finally have to solve the system 
of three coupled equations, the two Einstein: 



l-A IdA l.„,„.^A^ 1 



A-l 



r dr 47r ^ 
lAdB 1 „ 



4 2e2 V dr 



de. 



+ A 



r B dr 



4 n2 



and the equation of motion for the gauge field: 



d'^9^ 
dr'^ 

d% 
dr'^ 



+ 



+ 



2 1 /IdA 1 dB\ 
r 2\Adr B dr J 
'2 1 / IdA 1 dB 
r^2\Adr ^ B dr 



1 

~ 2^2 




field: 




dO^ 
dr 


2e^{^^)e^ 
A 


dO^ 


2e%B^/^ 


dr 


A 



(6.35) 
(6.36) 

^ 

. (6.37) 



The total energy of the configuration can be provided by the (0, 0) component 
of the energy-momentum tensor, when the particle number is: 



2 ./l/.,.U\- A I drr^elB^/^A-^/^ . 



g^ = 47r / drr\l-{i;H) 



(6.38) 



7 Concluding remarks 



We studied solitonic field configurations coupled to gravity. We provided 
approximate analytical solutions for the scalar field and solved numerically 
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the Einstein equations for q-stars with one and two scalar fields, non-abelian 
q-stars and q-stars with a fermionic field coupled to a real scalar. The in- 
dependent parameters are the cosmo logical constant, a global spacetime fea- 
ture, and the eigen-frequency, with which the soliton rotates in its internal 
symmetry space. The main result from the numerical analysis is that the 
field at the origin increases rapidly from the increase, in absolute values, of 
the cosmological constant. The mass, radius and particle number, firstly 
increase and after a certain value of the cosmological constant decrease. 

In the case of charged q-stars, there are stable stars for small values of the 
field strength e. The soliton parameters take larger values in the presence of 
electric charge due to the electrostatic repulsion between the different parts 
of the star. This repulsion has the effect to decrease the |0(O)| value and to 
force the field concentrate near the surface. For large values of e, the decay 
into free particles is inevitable. 
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